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Review
.

-1hm ( uniqueness ) .

Suppose U=U(x,t) satisfies the following conditions :

① UE C(ÑR+ ) nE(lR×lR+ ) ,
where fRxTR+= (-0,01×-10,0)

.

É#×
③ ¥- = I¥ on 112×112-1

③ U( × , 0 ) = 0 , ✗ c- IR

④ Uf: t) belongs to SAR) uniformly int .

Then Ufxit) _=0 on 113×113-1

•
The proof applies an energy method .



Application 2 : steady state heat equation
on the upper half plane .

U = Ufx , y ) temperate in distribution÷÷¥÷÷:
I ttfx , o ) = f-( x ) .

(2)

Now we use Fourier transform to derive a solution

by some formal arguments .

Taking Fourier transform in x - variable in ① gives

Criss )
-

Ñ(5. 9) + £§¥I. = 0
That is

, £?¥# - ga
'

} ' Ñ({ is)=o



For fixed {
,

the above is a linear 2nd order ODE
.

The general solution is
- 2171319 zit / { I ' y

Ñl§ , y ) = AKI e + Bale

we remove the second part since it
is rapidly increasing

Therefore
Ñf{ , y ) = Afg , e-

2171519
.

Taking Y=o ,

Ñ(5,01 = Ats ) = f^C§1
That is

Ñ({ , g) = §({ , . e-it / { 19 .

Now we introduce the poisson kernel on

the upper half plane :

3g (X) = ¥
' ×÷yz , ✗ c- IR

,
y >0



claim : Ñy(§ , = e-2-11/515
for Y > 0

.

Hence

uffz.yj-fssss.BG/-.-f*PyTGssI
.

By Inversion formula ,

U(xiyl=f*3yGR0 .

Lem 1
.

is

a) f.
is

e-
" ④MY

e-
2ñi{ ×

DX

= 3,131

d} = e-
2K14g

⇐ ' [ y€§ , e-
Hi } ×



Pf . Remember for a > 0,

e-
am I

>a.IE#Lettiiga--2Tly
gives

e-
2-1191×1 -7

,
2.21-9-1
(2%9)-+4%35

= ¥ '¥§z
= By (3)

.

This proves ① .

By ⑥ and Inversion formula ,
-21791×1f pya , et "i&×d{ = e

Taking complex conjugate on both sides
gives ②



Next we prove the following

them . Let f- c- SARI . Let

Ucx , g) = f* 2gal , ✗ c- IR
,
Y > 0

.

Then U satisfies the following :

① UE C- (112×112-1) and dU=o

② Ucxiy ) ⇒ fax , as y→o

③ [I / Ua,y ) - fix ,fdx → o as y→o

④ UH , g) → o as 1×1 -1g → is ,

(
"

u vanishes at is
"

)

Pf . Here we only prove ④ .

We will show that I C > o such that

Ma .gl/e {
c. ( ¥x- + ×¥y. ) .
§ •

for all XEIR, Y > 0 ,



To this end
,
recall that

2gal = ¥ ×¥yz £ ¥ . f-

Henie as

If* Pyay ± flfcx- til lpyctildt- is

£ [I ffcx-til . ¥ -§ dt

= ¥5 • f-I lfcxildx

£ § .

To see the other part .

Notice that
a

f- * Dyan = ffcx-t ) Jyoti dt- is

= f + ffcx-tlpyctdtl.tk¥ HI > 1¥
= (1) 1- (E)



Then

1€11 e f lfcx -til Pyctldt
4K¥

f g
' 1×-4 >_ 1¥ ,
a-

4k¥ H(¥Ñ Betide

← ¥¥I • £? By Ctidt

me
← ¥÷ '

I Is f Ifcx -til • ¥ y¥t, dt
Itt >_ 1¥

es
it , > ¥

If"'t' / • ¥ y¥¥ dt

É§÷×y • [ lfctildt
-is
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